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Metastable configurations of spin models on random graphs
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One-flip stable configurations of an Ising model on a random graph with fluctuating connectivity are exam-
ined. In order to perform the quenched average of the number of stable configurations we introduce a global
order-parameter function with two arguments. The analytical results are compared with numerical simulations.
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[. INTRODUCTION written as a sum of two-spin, three-spin, and higher interac-
tion terms and used as an energy function. However, corre-
Spin models on random graphs have a long history in théations between these interactions may make the resulting
statistical mechanics of disordered systems. A random grapHamiltonian intractable. In this paper we discuss how to treat
[1] consists ofN nodes where each node is linked at randomrandom-graph models with Hamiltonians with a nontrivial
to a finite number of other nodes. The resulting structure i§lependence on the local magnetic field at each site.
locally treelike but has loops of a length M)( Associating The central problem in this case is to find an order-
each nodeé with an Ising-spin variables =+1 and each parameter function to dlserltangle the result of averaging
connection with a bondJ;—giving a contribution, ~terms of the form expX,sJ;hf} over the disordedy; (in-
—JijSis; to the Hamiltonian—defines a spin model on a ran-stead of the simpler e*tfasﬁ]ijsf}, the variableh? emerge
dom graph. Loops in the graph are the source of frustratiofrom defining the local fieldsh?). Furthermore such an
of the model. order-parameter function ought to admit a replica-symmetric
As a model of spin glasses random-graph models are paansatz or other schemes and an analytic continuatio.
ticularly attractive[2], since they combine the analytic ac- In this paper we show that this need is answered by a two-
cessibility within the framework of mean-field thedr§-5] argument _order-parameter function c(o,7)
with the finite connectivity of short-range, finite-dimensional =(1/N)=;5,, Siehi'f_ Viewing the variablesﬁa,hf‘ as new
models. Furthermore, random-graph models occur in probphase-space variables coupled to the spins, this order-
lems of combinatorial optimization and theoretical computefparameter function may be viewed as a discrete Fourier
science(6,7], where solving, e.g., a satisfiability or a match- transform of the generalization of the usual order-parameter
ing problem is equivalent to _flnd]ng the.gfound state of ag,nction (@) to c(a,h) (the local fields may be integrated
spin model on a graph. Considering statistical ensembles qf ;¢ explicitly).
such problems with the aim of characterizing typical prob- - ag 5 concrete example we calculate the quenched average
lems corresponds to defining an ensemble of random graphg, replica symmetry of the number of metastable configura-
Interest in random—graph models he_ls intensified lately angqns in one of the simplest models on a random graph, the
led to solution schemes beyond replica symmeégry 11]. ferromagnetic two-spin model. For this model some results
_ For fully connected systems, where the local field at eacly,ye giready been obtained, albeit restricted to the annealed
site is the sum of many ran_dom terms, the_central !Imll‘ theo'approximation, both for graphs with fixed connectivity?]
rem ensures th_at the local fields are Gau55|_an distributed. Thg, 4 fluctuating connectivity13]. For fully connected disor-
d|str|bqt|on of fields may thus be (_:haracterlzed—at the levelareq systems, such as the Sherrington-Kirkpatrick model,
of replica symmetry—Dby two variables, the mean and th&ne problem of metastable states has been dealt with in the

variance of this distribution. The free energy is thus characg|zssic paper by Bray and Moof&4]. Metastable configu-
terized by a few order parameters, which are determined selfxions have each spin pointing in the direction of its local

consistently. Finite-connectivity models_ on random gra}phsﬁem, i.e., they are stabléor marginally stablg against
are mean-field models where the local fields do not consist ofjngje-spin flips. As so-called inherent structures, such con-
many terms and c_onsequently. are not Gaussian d'smb“teﬂgurations play a crucial role in structural glas§&s, 16. In
The free energy is characterized by a continuous ordersnin models of dense granular matter they play the role of
parameter function—the distribution of local fields. A key piocked configuration§17—19. Hamiltonians that nontrivi-
step simplifying the replica analysis of random-graph modelsyiy depend on the local magnetization also occur in the con-
has been the introduction of a global order-parameter funceyi of |attice gases, e.g., where sites with more than a certain
tion [8,9]. In the case of Hamiltonians containing two-Spin, nymher of neighboring particles are energetically penalized
three-spin, and higher interaction terms, the sums emerging). Finally, a treatment of the dynamics of spin models on
from averaging over the disorder may be disentangled usingynqom graphs will need an order-parameter functigen-
the order parameter functior(g) =1/NZ;d, 5. This func-  grating functiop analogous to the one introduced here, since
tion gives the fraction of sites, whose replicated spinshe dynamics depends explicitly on the local field at each
si={sf} (a=1,...n) are in a given configuration. point.

In principle any function of the spin configuration may be  The paper is organized as follows. First the ferromagnetic
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two-spin model on a random graph is introduced. After dis- The partition function configuratiorid(8) may be written
cussing the annealed approximation to the problem, the caks

culation of the quenched average of the number of meta-

stable configurations is outlined in Sec. Il. Particular 28)=11
emphasis is given to the two-argument global order- B)= i
parameter function. The replica-symmetric ansatz for the
order-parameter function is discussed and the replica-

symmetric result for the entropy of metastable configurations . EXP[ (B /Z)Z h‘S‘] '
is given. These expressions are evaluated numerically and

are compared to the results of Monte Carlo simulations andhere §(x;y)=1 if x=y and 0 otherwise, denotes a
thermodynamic integration of an auxiliary model in Sec. 11I. Kroneckers and ©(x) denotes a discrete Heaviside step-
The results of generalizing the problem to three-spin modelfunction with ®(x)=1 if x=0 and 0 otherwise. The func-

are given in Sec. IV and the generalization to models withion I1;©(h;s;) denotes the condition for a metastable con-
frustrated interactions is discussed in Sec. V. figuration. However, none of the subsequent steps of the

calculation affect this function and it may be used to encode
any function ofh; ands; . The average over the ensemble of
random graphs with connectivitymay be written as

2 hiiw 5(hi;; cijsj>(hisi)}

§=*

)

Il. METASTABLE CONFIGURATIONS OF THE TWO-SPIN
FERROMAGNETIC MODEL

In the following we consider one of the simplest spin <<(.)>>:H fdcij[(l_C/N)5(Cij)
models on a random graph, namely, the two-spin ferromag- i<]
netic model defined by the Hamiltonian

+(c/N)S(Cij = D) ](+). ()
H:_Z CijSiS; (1) We use the AintegrAaI representations(h; ;=;Cj;s;)
i< =[27dh, exp{—ihjhi+iZ;hC;s} for the Kroneckers,s, so
where the sites—1,... N ands,—+1. The variableC, the average over the disorder yields a term of the form
=1 with i< denotes the presence of a bond connecting . .
sites i,j and C;;=0 denotes its absence. Choosi; LII [1—c/N+(c/N)exp{ihis;+ih;si}]
=1(0) randomly with probabilityc/N (1—c/N) defines an
ensemble of random graphs, where the number of bonds con- . - -
nected to a site is distributed with a Poisson distribution of = lim €x —CN/2+(C/2N)i§;« expihis;+ih;s;) .

finite averagec.
The condition for amarginally) metastable configuration 4

is that at each sité the local fieldh;=Z=,C;;s; obeysh;s; . . . _

=0. This definition implies that a numb]er JofJ neutral moves?rhe sum over the site Iabal_sgmdj may be d|sent§ngled by

remains, as spins with zero local field may be flipped withouthtroducingey = (1/N)=; 8, ,e"" for o, 7=+1. Using these

a cost in energy. We choose this definition, since a quench dbur order parameters, the average over the disorder may be

the system will in general leave a number of spins with zerowritten as

local field, which are crucial to the subsequent dynamics

[21]. Nevertheless the marginally stable states could be ex- ex;{ —cN/2+(c/2N) Y, explifsi+ih;s;)

cluded easily by considering only configurations with non- 0 SRR

zero local magnetic field.

=exW' —cN/2+(cN/2)E c;c‘j}, (5)
A. The annealed approximation o7

It is instructive to see how the average number of blockedvhere the symmetry of the exponent in E4) under inter-
configurations is calculated in the annealed approximationchange of the site labelsandj is reflected by the symmetry
where the partition function is averaged directly over theof the exponent of Eq5) under exchange af and 7.
ensemble of random graphs, before passing to the more com- After standard manipulations, one now easily obtains the
plicated case of the quenched average. annealed average of the free energy

o0

(IN)In((Z(B)))=extr=| (—cl2)(ci?+2ce +c %) —c/2 +In > (ef2\cZ/c)My(2¢c\c )

h=1

+1g(2cye-c;)+1g(2¢cycich) +hzl (eﬁ’zx/ci/ci)hlh(Zc\/cicf)H, (6)

wherel(x) denotes the modified Bessel function of the first kind of ofdefhe extremum is over the order paramet]s

016115-2



METASTABLE CONFIGURATIONS OF SPIN MODELS ON.. .. PHYSICAL REVIEW B5 016115

B. The quenched average

Using the replica trick IZ=lim,_, 4d,Z" to represent the logarithm of the partition function, the quenched average over the
ensemble of random graphs of the free energy of metastable configurations may be written as

<<Z”(B)>>:iﬂj f dG;[(1—c/N)&(Cy)+(c/N) & Cjj— )]

<11

I,a

> X h?;JE cijs?>®(h?§>lem[<ﬁ/2>i23 h?s?}, @

a_ a_
§=*lhi=—o

where the sum over the site indices from 1 toN and the sum over the replica indices goes from h,tavheren is taken
to be an integer. The Kroneckérs definingh? are again represented using auxiliary integrals over the auxiliary varifables
giving

<<Z”(B)>>:Ej f dC;j[(1—c/N)8(Cij) +(c/N) 8(Cij—1)]

xﬂa ( > E o dha/(zw)>exp[—|2 h2ha+ | ac,Js]+ ﬁ/2)§ hf‘sf’]g O(h?s?), (8)

sf==1 h=—= ij.a

so that the disorder ter@;; occurs only a single time in the
exponent. The average over the term containing the disorder ({Z"(8) >>:H dc(g,7)
thus yields I

xexp{—(cN/z)Z c(a,7)c(1,0)—CcN/2

I

i<j

1—c/N+(c/N)exp[i2 hest+iY, ﬁf‘sf‘]
a a

x| 3 [Trabizm
ag,h JO

= lim ex;{ —CN/2+(c/2N)

N—o
XexW’—ih-ﬁJrl/zﬁh-g
X, exp{iZ hest+i>, ﬁf‘sf‘)}. 9)

1) a a

+c> c(ra)e 5I]H 0 (hc a) (11)

The crucial problem at this point is to find an order-

parameter function suitable to decouple the sums over th&he integral over the order-parameter function may be per-
sites in the exponent. A natural choice would beformed in the thermodynamic limk—c as a saddle-point
(LIN)=;8(h— h)cS(,S where the underlined terms are used tointegral. Using the shorthand® for the term in square
brackets in Eq(11) we obtain the self-consistent equation

— a
denote vectors in replica space, ie={c%. Howeverh is for the order-parameter function

a vector ofcontinuousvariables, which means that there is

no simple replica-symmetric ansatz for this order-parameter o

function. Instead we generalize the order parameters used in —A c

the annealed approximation in Sec. Il A and defate, 7) clg,r)=e kz k! |H1 2 cler)
=(IN)Zi9, §ie'—‘i'—T, wherer is another binary vector in rep-

lica space. Using this global order-parameter function of two Xexp[ %,82 2+ 2 pf‘) cra]
arguments, Eq(9) becomes a !

x];[ ®(oa

Ta+2| pf‘D, (12
exp[—cN/2+(cN/2)E c(ag,7c(r,a)t. (10

g,7

where p{' is summed over the values1. The assumption

thatc(g,7) is real valued is consistent with this equation.

After some formal manipulations outlined in the Appen-  To treat this equation in the limit—0 we need to make
dix one obtains as the replicated partition function an ansatz concerning the form of the order-parameter func
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tion. The simplest possible choice is the replica-symmetri¢22]. This in turn implies thatc(g,7) is a function of
(RS ansatz, which assumes that the order-parameter fun&,o?, 2,0%7% and X,7* only. The replica-symmetric
tion is invariant under the permutation of the replica indicesorder-parameter function may thus be written as

|

exp{ ,BXE aa+,8yz oara+,822 ]

{2ePY cosh B(x+2)]+2e~ Y cosh B(x—2)]}"

C((_T,I)Zf dx dy dz Rx,y,2) (13

where the denominator serves to normalizix dy dz Bx,y,z) =2, ,c(g,1).
Inserting the RS ansatfl3) into the self-consistent equatioi2) and taking the limitn—0 one finally obtains the
self-consistent equation fd?(x,y,z) in the form of an invariant density

P(xy,z)=e CZ K H fdx,dy|dz|P(x| Y|,Z|)5( aan

f++f +

) , (14)

1
z——In

X6 45

wheref ., serves as a shorthand for

fo.=f{x.y1.2},0,7)

k
:|]:'I;|_ ; EX%BZ lel+B2| y|p|0'+BEI Z|O'+B/20'E| p|+ﬁ/20'7']® ag
= 1

T+E| p|) ) (15)

Without the last term—that encodes the blocking condition—this expression would factotize in
From the RS order-parameter functiét(x,y,z) at a given value of8 one may also derive the values of physical
observables, such as the energy,

([{-aSan) ) STl [oosernna

SIE[-3n

ZaolsF o)
S 11 eolaun+ 53 63 20+ 875 ofo] o2 |

eXp{BZ >qp.+ﬂZ y.p.a+32 Z0+3B0

X , (16

or the fraction of sites with a given local fietd

<<<_%EI 5h;hi>>> i K H fdx|dy|dz, P(X,Y,2)

STUS (25 0joa{ 3 w0 vt 53 w1803 o[ o3 )
X

S 113 el 63 nor+ 63 vt 65 30+ 63 o[ o3 |

Pl

(17

The single pointed brackets serve as a shorthand for the average over the metastable configurations as defined by the
partition function(7).

Finally, inserting the RS ansatt3) into the partition functior{11), the free energy of blocked configurations averaged over
the disorder may be obtained
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1 2
K{n2)=-pi(p=—cill [ dxaydzPex.y,.2)

“in eP1Y2) cosh B(Xy+ 21+ Xo+ 25) ]+ € PYLTY2 cosh B(x,— 2, — X+ 25) ]
2

2|H (e costi B(x,+2)]+e # cosli B(x,—2) T}
=1

© K k
C
+ere 2 11 | dxdy dzPoq.yi,2)

k=0
k

I eXF{ﬁEI X|P|+,32I y|P|0'+ﬂE| Z|0'+%,30'E| pi

XIn v L (UZ pl)

(18)
[T {2 costip(x+2)]+2e~ i costip(x—2)1}

Details of the calculations leading to these expressions magampled from the appropriate distributjahe integrands of

be found in the Appendix. Egs. (16)—(18) may be computed. Averaging the results of
sufficiently many such steps we obtain approximations of the
C. Evaluation of the RS order-parameter function multiple integrals ovek,y,z in these expressions.

The results discussed in the following section were ob-
tained with A’=5000, 350000 iteration steps, and 50000
I%teps to calculate Eq§16)—(18).

Since the order-parameter functi®{x,z,y) depends on
three variables, the solution of the self-consistent equatio
(14) and the evaluation of Eq$16)—(18) pose a formidable
challenge. However, the form of Eql4) as an invariant
density suggests the use of a simple population dynamics to
solve the self-consistent equation and evaluate the entropy of To check our analytical results, evaluated numerically,
metastable configurations and other physical quantities. Rexgainst the results of numerical simulations, we use a method
cently, this population dynamics has been used extensively ihased on Monte Carlo simulation of an auxiliary model and
[10]. For the present problem it may be adopted as followsthermodynamic integration. Denoting the number of sites

D. Numerical simulation

We consider a large numbelN of triples labeled i with h;s;=0 asNy we define the auxiliary Hamiltoniak(
=1,... N of numbers {x,y;,z} with P(x)y,2)
=(LUN)Z,8(x—x;)8(y—y.)8(z—z). The self-consistent Baux=BH+ Bau N—Np), (19)

equation(14) may then be solved numerically according to
the following scheme(1) Choose an integek at random
according to the Poisson distribution with mean (2)
Choose k triples at random and use them to compute
f__,f_,,f,_,f,, according to Eq(15). (3) Chose an-
other triple i at random and set

whereH is the original Hamiltoniar{1) and 8 is a Lagrange
multiplier fixing the energyE of the original system. By
construction, the states accessed in the lifjf,— of H
are the blocked configuration of the original Hamiltonian
with energyE fixed by the parametgs (provided they exist
[23]. Numerically, blocked configurations of Eq@l) of a
1 given energy may thus be generated by a Monte Carlo dy-
xi:EIn[(f++f+,)/(f,+f,,)], namics of the auxiliary Hamiltoniafl9), starting at a low
auxiliary temperature B,,, and gradually increasing,,
1 until the ground state is found. The auxiliary temperature
yi=—In[(f, f_ ) /(f_.f, )], must be changed sufficiently gradually to ensure the system
4B always remains in equilibrium.
Having taken the limijB,— % the Lagrange multiplieB
is simply the inverse temperature of the blocked configura-
tions. Thus the entropy of the blocked configurations may be
obtained up to a constant by thermodynamic integration
Repeating these steps a sufficiently large number of times to
ensure convergence yields an approximation for the order- fE(ﬁ)
parameter functioP(x,z,y), whose quality depends on the E(g=>)
number of triples\ used.
In the same way the expressiofi®)—(18) may be evalu- The numerical results of the following section were gen-
ated. Choosing a set df triples at random(where k is  erated by annealing E¢L9) on four realizations of a random

1
Zi:@ln[(f++f—+)/(f+—f——)]-

dEB=S(B)—S(B==). (20
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FIG. 1. The entropy density of metastable configurations as a g 2. The fraction of siteg with zero local magnetic field as

function of their energy densitlf. The quenched result is given by a function of the energy densif. Plus signs ¢) denote the results
the solid line, for comparison we also give the result of the corre-g¢ numerical simulations.

sponding annealed calculation from Sec. Il A. Plus sigi9 @e-

note the results of numerical simulations. At high energlagye . . . . .
negative temperatureaumerical problems with the algorithm used Increases monotonously witk. This effect arises since
to solve the saddle-point equations arise. blocked sites with nonzero magnetic field give a negative

contribution to the energy. In order to obtain blocked states

Ny . . . also at high energies, the system must thus make more of the
graph withN=1024 increasing3y, from 0 to 10 in steps, local fields equal to zero. This is also the reason for the

0.001 every 2000 Monte Carl_o sweeps. At _the end of thigyacrease of the entropy at increasing energies.
process the energl, the fraction of sites with zero local —, £jg 3 we plot the absolute value of the magnetization

field, and the magnetization were measured during the 1ag piocked configurations against the energy density. There is
250 Monte Carlo sweeps. Furthermore, we checked the iny qecond-order phase transition from configurations with
dependence of the results on the annealing rate. In the case gf, magnetic field at high energies, to a ferromagnetic phase
the entropy, the constant of integration was obtained simply; |,y energies. Again the mechanism for this is simple. In
by fitting the resulting curve to the analytic result. order to form blocked configurations at low energigso-
lutely) large local fields are required. These are achieved
IIl. RESULTS FOR THE TWO-SPIN MODEL most easily by giving the system a finite magnetization. This

. . ~ simply reflects the analogous transition in the model without
In the following we describe the results of the calculations

of the preceding section for the case 2 and compare them

to the results of numerical simulations. In Fig. 1 we plot both
the annealed and the quenched result for the entropy o
blocked configurations. The results of the quenched average
evaluated according to the algorithm of Sec. Il C fluctuate
somewhat, so the curve is not very smooth, especially at
negative temperatures. Nevertheless, very good agreemer
between the results of numerical simulation according to
Sec. Il D and the quenched average of the entropy is found
The maximum of the entropy is reached at energies arounc 4,
—0.57, so a randomly chosen blocked configuration will

have this energy with a probability approaching 1 in the
thermodynamic limit. In the ground stake=—1, all spins 0
of a cluster of connected points are aligned. Hence, the en

tropy density of blocked configurations is simply the number

of disconnected clusters of the graph times In(2). Using the  _g»

0.8

0.6

0.4

3

+ ++

44+ T b

standard results of random-graph thedfy] we obtain a -1 -0.8 c -06 —04
ground-state entropy of 0.112 222 6., which agrees with
the present result to within numerical precision. FIG. 3. The absolute value of the magnetization as a function of

In Fig. 2 we show the fraction of sites with zero local the energy densitg. Plus signs {) denote the results of numerical
magnetic field as a function of the energy dend&fywhich  simulations.
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B c
FIG. 4. The energy densitl¥ as a function of the inverse tem- FIG. 5. Phase diagram of the transition to ferromagnetic blocked
perature 8 for the three connectivities=2,2.5,3, from top to configurations. The critical energy densky is plotted against the
bottom. average connectivitg.

the blocking condition, although the transition occurs at a
lower energy. At the transition, the RS order-parameter func- H=- > CixSSS. (21)
tion changes qualitatively in the high-temperature phase, its I<I<k
weight is concentrated at=z=0 and it remains a nontrivial where the variableC;;, =1 with i <j<k denotes the pres-
function only ofy, i.e., P(x,y,z) = 6(x)f(y) 6(2), whereasin  ence of a plaquette connecting siief,k and C;;x=0 de-
the low-temperature phas&(x,y,z) is a nontrivial function  notes its absence. Choosifig, = 1(0) randomly with prob-
of all its arguments. . ability (2c/N?) (1—2c/N?) again defines an ensemble of
In Fig. 4 we plot the energy versus the inverse temperarandom graphs, where each point is connected on average to

ture of the blocked configurations for three connectivities ¢ plaquettes. Proceeding as in S€i) we obtain for the
€=2,2.5,3. We note that the kink in the curve—signifying replicated partition function

the second-order nature of the phase transition—becomes
more pronounced at higher connectivitiescAt3 it appears — ((z"(8)))=]] dc(g,z-)exp{ —2cN/3
that there is a jump in the curve, which would signify that the o7

transition had become first order. Furthermore, for finite run-

ning times, the algorithm solving the saddle-point equations X > C(g,zp)c(f,&r)c(g,lﬂ—CN/3}
shows hysteresis. However, none of this is borne out by g 7.0

closer analysis. Near the transition, the three curves in Fig. 4

collapse onto each other when rescaled by the wigtlover X
which the transition occurs. Furthermore the hysteresis in the

27 R
Zf db/(2w)”€xp{—ih~h+1/3ﬂb-g
agh JoO

algorithm disappears when a small magnetic field is applied. L
We thus conclude that at high connectivities, the transition +CE C(Q,O'_?])C(h,gp)e'za h%p®®
remains of second order, but is characterized by a long pla- e.7
teau at the transition point. N
Finally, in Fig. 5 the phase diagram of the transition to [T @(h2e?)| . (22
ferromagnetic blocked states is given. Below the percolation a

threshold of the grapb=1 blocked states are typically not The self-consistent equation fotg,7) is
magnetized since the graph consists of many small discon- T

nected clusters, flipping all spins of such a cluster leads from = ok K

one blocked configuration to another. As a regyldiverges c(o,r)=e 2> — ( )c on)c(n,o
asc=1 is approached from above. Increasimthe critical (2.7 kzo ! '1;[1 9%| (2.2)¢( 220
value of 8 and of the corresponding energy decreases mo-

notonously as expected. Nevertheless it is interesting that the X exp{ %,82 ™+ 2 Pf’]la) Ua}

critical energy saturates already around4. a '

IV. GENERALIZATION TO THE THREE-SPIN MODEL % H @(O_a
a

P+ pf‘nf‘))- (23
1

The generalization to Hamiltonians with three-spin inter-

actions is straightforward and we only give the results. ThdJsing the RS ansat#l3) and taking the limitn—o one

Hamiltonian is defined by obtains the self-consistent equation fé¥(x,y,z) (14)

016115-7



JOHANNES BERG AND MAURO SELLITTO PHYSICAL REVIEW BE65 016115

ey e S ST [ ax oyt azak ot azeid of e ot o] x gyl ]|
X8| y— 41[3 f**f’: )5(z—$ln :1*:* ) (24)
where
fo- =t Y2 XY 2o, m) = Hl plEm ex ,le X|1P|+,32I y|lP|77|0'+,32 Z|l7]|0']
XeXP{ﬁZ X|277|+ﬁ§|: Y|2P|77|0'+,3§|: Z|2P|0'+%/30'§|: P|77|+,3/30'T}® o T+§|: P17 ) (25)

These expressions take on the same form as their counterparts in the two-spi{hZatks), except that where one term

c(o,7) stood, there are now two—a simple consequence of going from bonds connecting two sites to plaquettes of three sites.
For completeness we also give the free energy of metastable configurations

1
~{(In2))

3
~—ptp=—@eI [ axdyidzPexy.2)

> eXpB(X o +Y10Tp+ 21T+ Xop+ Y20 Tp+ 20T+ Xg T+ Y30 7p+ Z3p0)}
o,7,p

XIn

3
|H (2eBY costi B(x,+2;) ]+ 2e~ A cosi B(x,— 2))])
=1

+e‘°2 . H dxj dy} dz'dx? dyf dZ'P(x! yi .21 P(x? yf . 20)

K
> 1_|[ > ex ,32 (Xip+Yipimo+zigo+x 7]|+Y|P|7]|U+Z|P|U+3UP|7I|)} (UEI P|77|>
o P17

XIn

[T {267 costi p(x +2)] +2e~ ' costi B(xt ~2)]H{2e”" costi B +20)] +2e~ ' costi B ~ 2]}

(26)

These equations may be solved in the same manner as deeing =1 with equal probability, the Viana-Bray model]
scribed in Sec. Il C, albeit with more numerical effort.

V. MODELS WITH DISORDERED BONDS
=2 Jjsis). (27

In this section we sketch how the formalism introduced in 1<)
Sec. Il may be used to cover also models with disordered
bonds. The most prominent example of this case is the twothe variables);;= =1 with i< denote the presence of a
spin model on the random graph with the signs of the bondbond connecting sites j, andJ;;=0 denotes its absence.
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For J;;= =1 with equal probability the average over the dis-interactions of various orders, takes on the foofw,7)
order in the partition functiort7) reads =(1IN)%;8, s €"'". The replica-symmetric ansatz for such

an order-parameter function of two arguments was discussed
H_ and the saddle-point equation and the free energy were de-
= rived. The saddle-point equation was solved numerically us-
ing a population-dynamics algorithm. The results were com-
pared in detail with numerical simulations using simulated
annealing and thermodynamic integration. The generaliza-
tions of this approach to three-spin models and models with
bond disorder such as the Viana-Bray model were also dis-
cussed.

1—c/N+(c/2N)(exp[i2 hast+i >, ﬁjasia]
a a

+exp[—i2 ﬁ?sf‘—iE ﬁf‘sﬁ‘})
a a

= im exp{ —CcN/2+(c/4N)

N—ce

X2,

ex;{ i > hAs?+i> ﬁf‘sf")
a a
ACKNOWLEDGMENTS

+exp{—iz hesP—i > ﬁf‘sf‘)
a a

]- (28) Many thanks to D. Dean, S. Franz, F. Ricci-Tersenghi,
and R. Zecchina for fruitful discussions.

In order to decouple the two sums over the sitgave may
use the same order-parameter functiort(g,7)
= ) hi-7 i i i APPENDIX
(IIN)Z;0, s €" 7 defined previously and write for E(R8)
Here we fill in the essential steps leading to the results of

Sec. Il. The order-parameter functiato,7) is introduced
via integrals overs functions represented by integrals over

the auxiliary variable€(g,7). This step turns Eq@8) into

exp[ —(cN/2)+ (c/AN) D, c(a,1)c(T,0)

+c(g,—71)c(1,—0) . (29

Eliminating the conjugate order parameter we obtain
ic(g,7)=cl2[c(r,0)+c(—1,—a)]. The rest of the calcu-
lation proceeds as in the ferromagnetic case with the order-
parameter function being symmetric under the simultaneous
inversion ofg and .

An alternative, more cumbersome route, consists in intro-
ducing a new order-parameter functionc(g,1)

=(IN)Z;s, Si(e*—‘i'—”rie**-‘i‘f). Using this complex global
order-parameter of two arguments Eg8) becomes

delg.Dddg.)

(=11 S
xexp[ —iNY, c(g,7)c(a,7)—CcN/2
+mwa2cw@mu@ﬂ

X

2 R
Ej.wwewﬂ
agh JO
exp{—cN/2+c/(4N)2 c(g,r)c*(r,0)}.  (30)

The remaining calculation proceeds exactly as in the case of
the ferromagnet in Sec. I, the sole difference being the fact
that P(x,y,z) becomes a complex function, and E¢&4)—

(18) acquire complex conjugates in the appropriate places.
The detailed treatment, however, would exceed the scope of
this paper.

Xexp[—ih-EHr%,Bh-a

N
. (A1)

ﬂEéw@ﬁﬂH®m%ﬁ

The auxiliary variables may be eliminated trivially by

VI. CONCLUSION

saddle-point integration givinig (o, 7) =c c(z, ). Inserting

this result into Eq.(A1) gives Eq.(11). The self-consistent
In this paper we considered the statistical mechanics ofduation(12) follows directly from differentiating the expo-
metastable configurations of spin models on random graphsient of Eq.(11) with respect toc(7,¢). The integral oveh
As a concrete example, we calculated the quenched averaggns into aé function again—so the sum ovér may be
over the ensemble of random graphs of connectivitf the  performed—after the exponential term containing the order-
number of configurations with;s;=0 Vi for the case of the parameter function has been expanded as a power series.

ferromagnetic two-spin model. The central tool of the calcu-

Now we need to insert the RS ansaif) into the self-

lation was a global order-parameter function, which unlikeconsistent equatiofl2). Collecting all terms carrying replica
the standard case of Hamiltonians composed of spin-spimdices in thekth term we have
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k
H ; exp[ﬁZ (Xlz P?"”VIE P?Ua+Z|E o1 a?pf
| a a a a

+ B2, O_aTa]H g?
a a

3

(o

k
=11 (H > exp[ B (xlpf‘+y|p?<ra+z|aa+%aapf‘)ﬂﬁ/z)aafa]@
P

.S pf‘m

=exp{2 InfUaTa]=exW'% > o+, o+ Y, PAn|infy+ i D 2= o= A+nlinf,_,
a a a a a a a
+3H =2 0= o?2+ D A4n|inf_o+i =2 0¥+ 02— A+n Infll], (A2)
a a a a a a
wheref . is defined in Eq(15). In the last step, we used
( a—l—E ol +2 +n for r=0=1
a
1(20’-20’7—2 +n forr=—10=1
2 50'0'a577'a: (A3)
2 ( > of— O'ara-i-E 24+n| for r=10=-1
a a

for r=0=—1.

%(—2 0'a+2 a'aTa—E +n
a

a a

Writing is=2 .02, iu=X,0%72, andit=X_,72 the limit n—0 may be taken. Collecting all terms krand Fourier transform-
ing with respect tcs,u,t we obtain the self-consistent equation in RS in the fdd#). The calculation of Eqs(16)—(18)
follow the same scheme.
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